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Abstract—Full-cycle Fourier and cosine phasor filtering
systems are typical implementations of numerical distance relays
with a response time of close to one cycle. Fast subcycle numerical
distance elements are useful, especially for extra high volt-
age/UHV transmission systems (400 kV and above). Fast subcycle
numerical relaying methods such as half-cycle Fourier method,
phaselets, least error squares, traveling wave, and wavelet based
methods have been proposed in the literature. In this paper, first
improvements to the phaselet-based distance relaying method are
proposed by taking the magnitude errors and the phase angle
errors into account. An adaptive Mho characteristic based on
the phasor estimation errors is used to achieve a fast and secure
trip decision. The quality of the estimated values in time domain
is analyzed mathematically using a transient monitoring index.
Second, the scheme is implemented on a field programmable
gate arrays (FPGAs) board, which provides fast computation
speeds due to its powerful parallel processing units. The proposed
relay is tested using hardware-in-the-loop simulations and a
real time digital simulator. Third, the Ethernet-based protocols
(IEC 61850 sampled value and generic object oriented substation
events protocols) are implemented on the FPGA and used to ver-
ify the performance of the proposed relay in digital substation
environments.

Index Terms—Sub-cycle algorithms, adaptive protection,
FPGAs, IEC 61850, hardware-in-the-loop simulations.

I. INTRODUCTION

H IGH speed protection is desirable for extra high voltage
(EHV) transmission lines (400 kV and above). It is

reported that for every one millisecond saved in fault clearing
time, the stability limit of the transmission system goes up by
15 MW [1].

Full-cycle discrete Fourier transform (FCDFT) needs one
complete cycle of samples to exclude pre-fault samples and
obtain an accurate fundamental phasor. Some sub-cycle lin-
ear numerical filtering methods have been proposed in [2]–[8].

Manuscript received August 31, 2016; revised December 2, 2016; accepted
January 6, 2017. Date of publication January 19, 2017; date of current ver-
sion August 21, 2018. Part of this research work was presented in the IEEE
PES General Meeting, Student Poster Contest entitled “High Speed Digital
Distance Relaying Scheme for Extra High Voltage Transmission Lines,” July
17–21, 2016. Paper no. TSG-01178-2016.

X. Jin and R. Gokaraju are with the Department of Electrical and Computer
Engineering, University of Saskatchewan, Saskatoon, SK S7N 5A9, Canada
(e-mail: shane.jin@usask.ca; rama.krishna@usask.ca).

R. Wierckx is with RTDS Technologies Inc., Winnipeg, MB R3T 2E1,
Canada (e-mail: rpw@rtds.com).

O. Nayak is with Nayak Corporation, Princeton, NJ 08558 USA (e-mail:
om@nayakcorp.com).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TSG.2017.2655499

In [2] and [3], half-cycle DFT (HCDFT) is suggested whereby
only half-cycle samples are used to estimate the phasors;
this makes the convergence speed faster than for the FCDFT
method. However, HCDFT is known to lose the ability to reject
even harmonics. It also has difficulties removing the decaying
DC offset. Half-cycle least error square (HCLES) models the
decaying DC component and harmonics using the Taylor series
expansion, but the performance depends on the accuracy of the
estimated parameters of the decaying DC, especially when the
decaying DC rates are fast. In [4] and [5], three off-line look-
up tables are added to improve the estimation of the decaying
DC parameters. A Clarke transformation based DFT algorithm
is proposed in [6]. The main focus is on reducing measurement
errors for off-nominal frequency conditions. Another linear
filtering method found to be reliable is the Kalman filtering
method [7]. The estimation is stable in the presence of noise
and harmonics, but takes more than half a cycle to obtain a sta-
ble estimation due to the large number of computations needed
to find the state variables in each time step. Wavelet trans-
form (WT) techniques have been reported for digital distance
protection [8]. Using the WT multiresolution analysis (MRA)
described in [8], the fundamental phasor can be extracted faster
than FCDFT. However, the performance is affected by the
decaying DC component. The response is fast but could be
insecure as the impedance trajectories move in and out of the
protection zone before settling [8]. To overcome this issue, the
data window is reset once a disturbance is detected [8], to give
a more stable response. A pre-bandpass filter is used to remove
the DC component, but this introduces a time delay. Another
type of fault detection is based on artificial intelligence models.
In [9], a convolutional sparse autoencoder (CSAE) was used
to learn features from voltage/current signals. Fault detection
was done by applying a classifier on the feature vectors and the
operation time was within one cycle. However, system tran-
sients such as CT saturation and CCVT transient errors were
not considered, which may affect the classification accuracy
and speed.

In this paper, a phaselet-based distance relaying scheme
is developed to achieve a fast sub-cycle response. Phaselets
are partial integrals of products of the waveform samples
and the sinusoidal/cosine coefficients specified by a data
window. They can be combined into phasors over a vari-
able length window that is an integer multiple of the basic
phaselet. References [10]–[12] describe phaselet scheme and
testing using offline computer simulations for transmission line
distance and current differential protection.
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Fig. 1. Adaptive filtering window concept.

In this paper, the phaselet method is modified by taking the
magnitude errors and the phase angle errors into considera-
tion to obtain a secure trip decision. The probability density
functions for the magnitude and phase angle errors are found.
The standard deviations are obtained using a mathematical
equation for magnitude errors and a numerical solution for
phase angle errors. The adaptive Mho reach is set based on the
maximum possible errors. The quality of the estimated values
in time domain is analyzed mathematically using a transient
monitoring index.

The second innovative component of the research work
is the hardware implementation of the proposed algorithm
described herein on FPGA. The phaselet-based algorithm is
parallel in nature and is implemented using the parallel nature
of FPGAs. This speeds up the calculations compared to digital
signal processor (DSP) implementations.

The third innovative component of this paper is imple-
menting the proposed digital relay using IEC 61850 Sampled
Value (SV) and Generic Object Oriented Substation Events
(GOOSE) protocols [13]. Testing and the performance of the
proposed relay is done using hardware-in-the-loop simulations
with a real-time digital simulator (RTDSTM).

II. PHASELET-BASED DISTANCE PROTECTIVE RELAY

The phasor estimation using FCDFT is given as follows:

X̂c = 2

N
·
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)
, (1)
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(2)

X̂ = X̂c − jX̂s, (3)

When a fault occurs the filter window spans two partial
sample sets: pre-fault system measurements and during-fault
system measurements. Therefore, phasor estimation using the
FCDFT algorithm has an inherent error due to the fixed full-
cycle window. To address this issue, a phaselet-based variable
window filtering technique is developed. Phaselets are partial
integrals of products of the waveform samples and the sinu-
soidal/cosine coefficients specified by a data window. They are
combined into phasors over a set of linearly increasing window
sizes, as shown by the dashed line boxes in Figure 1. Each
box in the figure represents a filtering window (there would

be 20 of them in one full cycle and each phaselet includes 4
samples). The phaselets are calculated:
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, (4)
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)
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where constant P is the number of samples per phaselet and is
set to 1/20 of one cycle so that the changes in voltage/current
measurements can be captured as early as possible. There are
20 phaselets in one cycle and the phaselet index p ranges from
0 to 19 for the first cycle samples. Plc(p) is the cosine part of
the pth phaselet and Pls(p) is the sine part.

The sum of the phaselets for window W(n) is given by:

Pc(n) =
n∑

p=n− W(n)
P +1

Plc(p), (6)

Ps(n) =
n∑

p=n− W(n)
P +1

Pls(p), (7)

where n is the phasor index and W(n) is the adaptive window
size which increases in a linear fashion from 1/20 cycle to 1
cycle. Pc(n) is the cosine part of the sum of all the phaselets
inside the specified window W(n) and Ps(n) is the sine part.
X̂c(n) and X̂s(n) can be estimated from Pc(n) and Ps(n) [14],
as depicted in:
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When W(n) equals to N, C2(n) will be zero using the
orthogonality principle of sine and cosine terms. X̂c(n) and
X̂s(n) are orthogonal and Equation (8) will be equivalent to
Equations (1), (2). When W(n) is between 0 and N except N/2,
C2(n) will not be zero. The precomputed coefficient matrix
C−1(n) in Equation (8) is needed.

Under normal conditions, the phaselets are summed over
one cycle and the filter window W(n) is fixed to N, gener-
ating an equivalent of FCDFT, as indicated by the solid line
box in Figure 1. Once a disturbance is detected (the detection
logic is described in the following paragraphs), the filtering
window immediately shrinks to P. Because all pre-fault mea-
surements are blocked by the window, the estimated phasor
responds more quickly to the change in voltage and current
measurements. As new phaselets accumulate, the window size
is increased until it reaches one full cycle N, as indicated by
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Fig. 2. Frequency responses of the phaselet-based filters.

Fig. 3. Logical implementation of disturbance detector. |I1|′, |I2|′, and |I0|′
are current phasor magnitudes from two cycles before.

the dashed line boxes in Figure 1. Unless another new distur-
bance is detected, phaselets will continue to be combined to
form an FCDFT in a recursive manner. The accuracy of the
estimated phasor improves as the window expands.

Figure 2 shows the frequency response of the phaselet-based
filters with various window sizes. Very small windows (smaller
than 0.4 cycles) have little capability to reject harmonics and
DC offset but, as the window expands, the harmonic response
and DC response improve until they are eventually equivalent
to FCDFT. Importantly, the filter loses the ability to reject even
harmonics when the window equals to a half cycle (HCDFT).
The gain of the filter for DC is 0.64.

In this research, a mimic filter is used to remove the
decaying DC component prior to the phaselet calculation.
A disturbance detector is used for the purpose of initiating
the adaptive phasor estimation. The inputs of the disturbance
detector are the present sequence currents and the corre-
sponding measurements from two cycles earlier, as shown in
Figure 3. The magnitude of the change in currents are eval-
uated against two times the cut-off threshold, which is set
at 2% [15] of the steady state value. If the change of any
sequence current exceeds this limit, a disturbance operand will
be sent to the distance element.

A. Transient Monitoring and Error Analysis

If we denote the reconstructed sample as x̌(n), then

x̌(n) = X̂c(n)cos

(
2π · (n + 1)P − 1

N

)

+ X̂s(n)sin

(
2π · (n + 1)P − 1

N

)
. (12)

Figure 4 compares the original sampled values and the
reconstructed values from X̂c(n) and X̂s(n). The instantaneous
output of the mimic filter is also given to show the phase shift

Fig. 4. Transient monitor.

Fig. 5. Probability density function for phasor magnitude and angle.

TABLE I
STANDARD DEVIATION & REACH FOR DIFFERENT FILTERING WINDOWS

between them. The window size is dynamically changed from
4 samples to 80 samples upon a fault. The estimation errors
are very large, causing large transient overshoots when the fil-
tering window is smaller than 40% of one cycle, which makes
the initial phasor estimates unusable. When the filtering win-
dow is greater than 40%, the reconstructed values are close to
the output of the mimic filter.

The estimation error can be further analysed mathematically
for different sizes of filtering windows. It is the fundamental
indicator of the level of confidence in the estimated phasors.
Assuming that the errors of the relay inputs are uncorrelated
and have a constant variance, the probability density func-
tion (PDF) of the magnitude and phase angle of the estimated
phasor can be obtained [16], [17]. The detailed mathematical
analysis is in Appendix A.

Figure 5(a) shows the PDF of the magnitude of the
estimated phasor for different filtering window lengths
(0.1 cycle ∼ 1 cycle). Table I shows the standard deviation
values, σr(n) for different filtering window lengths.

The phase angle error is very important for a phaselet-based
(sub-cycle method in general) distance relay, and has signif-
icant impact on the security of the relay. The PDF of the
phase angle for different filtering window lengths is shown
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Fig. 6. Adaptive Mho characteristics.

in Figure 5(b). A numerical solution of the standard devia-
tion, σθ (n) using Matlab is given in the third row of Table I.
When the window lengths are very small, the estimated angle
can have a very large error. When the window lengths are
between 0.4 cycle ∼ 1 cycle, the estimated phasor angles are
mainly within ±15o of the expected value. A trip delay routine
is used to prevent false trips due to the estimated phase angle
errors especially for high source impedance ratios (SIR’s).

B. Adaptive Mho Characteristics

The adaptive Mho characteristics is set taking into account
both the magnitude and phase angle errors, as shown in
Figure 6. The errors reduce as the window expands.

As discussed in Section II-A, the transient overshoots are
very large when the filtering window is smaller than 40%.
Therefore once a disturbance is detected, the reach is set to
zero until the window length > 40% of one cycle so that the
transient overshoots are filtered out.

The current and voltage phasor errors that arise can be
demonstrated as shown in Figure 6(a). When a fault happens
on the remote terminal bus, the measured voltage VR at the
relay location will have both magnitude and phase angle errors.
This error has around 70% probability to be inside the sector
ABCD as shown in the figure. (If the phase angle error is not
considered, the sector will become a line segment.) The sector
size becomes smaller as the filtering window increases. The
sector for the IRZL component is also shown in the figure. In
the figure, point ‘A’ corresponds to the maximum allowable
reach setting. The adaptive reach setting would have to be
kept within this value for proper Zone 1 operation. When this
is mapped to the impedance plane, as shown in Figure 6(b),
the Mho reach will be 70.14% for a filtering window equal
to 0.45 cycle. The adaptive Mho characteristics/reaches can
be obtained in a similar fashion for the different pairs of
{σr(n), σθ (n)} from Table I. The last row in Table I lists the
adaptive reach setting values corresponding to these magnitude
and phase angle errors.

Fig. 7. Overall architecture of the proposed distance relaying scheme.

The primary benefit of the adaptive phaselet-based method
is that the close-in faults can be detected quickly with a small
window, while longer window is used for the Zone 1 boundary
to achieve good fault discrimination (trip security). Also high
speed tripping is crucial for close-in faults because of the large
fault currents involved.

C. Trip Delay Routine

It is activated when the impedance trajectory enters into the
adaptive Mho circle for the first time. It then waits for the next
couple of phaselets and evaluates if the following consecutive
impedances are also located inside the adaptive Mho circle.
If so, a trip decision will be made; otherwise, the trip delay
routine will be reset to wait for the next activation. Also higher
SIR values will need a longer trip delay routine as the voltage
at the relay location is going to be lower and will be more
prone to magnitude and phase angle errors (relay accuracy
is affected by the voltage level). The trip delay settings for
different SIRs are listed in Table III.

III. HARDWARE IMPLEMENTATION

The overall architecture of the proposed digital distance
relay is shown in Figure 7. It consists of three modules: an
IEC 61850 communication interface, a distance element, and
a state machine. The IEC 61850 interface implements the SV
and GOOSE communication protocols used for the data trans-
fer between the FPGA board and the RTDS, as shown in
Figure 8. SV packet format is also demonstrated in Figure 8.

The phaselet-based algorithm proposed in Section II is
implemented in the distance element module inside the
FPGA. Table II lists the main FPGA hardware usage for the
entire design. The available resources of the Xilinx Virtex-
6 XC6VLX240T-1FFG1156 FPGA chip are also listed [18].
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Fig. 8. FPGA implementation of the IEC 61850 communication interface.

Fig. 9. IEEE 12-bus system used for testing.

TABLE II
FPGA HARDWARE RESOURCES UTILIZATION

50-70% of the resources are used and additional protective ele-
ments can be added to expand functionality. The processing
time for one SV packet is typically 4.04 μs, which is much
less than the sampling interval of 208 μs. This high speed
design can be attributed to the massive hardware parallelism
and deep pipelining employed in the three modules, especially
in the distance element.

IV. HARDWARE-IN-THE-LOOP TESTING AND RESULTS

In the RTDS simulator, the voltages and currents are
sampled at 4,800 Hz and then fed into an RTDS Gigabit
Transceiver Network Interface (GTNET) card [19] with IEC
61850 SV protocol activated. The encoded packet are sent to
the Ethernet switch and further routed to the FPGA. The out-
put trip signal in GOOSE format is sent to another GTNET
card with GOOSE protocol enabled. The GOOSE message
received is then applied to the dedicated circuit breaker.

Inside the FPGA, a global clock of 125 MHz is
used for most computations. A secondary clock of
12.5 MHz is generated to interface with the PHY device

TABLE III
TEST SYSTEM SETTINGS USED IN SIMULATIONS

(12.5 MHz×8 bits/s = 100 Mb/s). The entire design is
synthesized using Xilinx ISE Design Suite Version 14.7.

A modified 12-bus test power system reported in [20] (the
system is being standardized as an IEEE test system), as shown
in Figure 9 is used. This test system is a composite model of
Manitoba Hydro, North Dakota, Minnesota, and Chicago area
subsystems. The parameters of the IEEE 12-bus test system are
given in [20]. The original 345 kV transmission line between
Bus 7 and Bus 8 is replaced by two parallel 400 kV transmis-
sion lines. The line parameters and the modeled CT [21] and
CCVT [22] are provided in Appendix B. Table III lists other
settings used in the studies.

A. Operating Time

The operation times of the proposed FPGA relay for var-
ious fault types and fault locations are shown in Figure 10.
Each point in the figure is obtained from an average of 100
repetitions using the same system parameters except that the
fault inception angle is randomly varied. Relay A sub-cycle
element refers to GE’s sub-cycle distance relay, which uses
a time domain algorithm. It utilizes short-window orthogo-
nal filters to calculate direct and quadrature axis quantities for
voltage and current in the time domain. A set of compara-
tors are used to shape the impedance zones [23]. The relay B
high-speed element refers to SEL’s high-speed distance relay.
It uses a fixed half-cycle Fourier filter to estimate phasors. A
3 dB low-pass analog filter with cut-off frequency of 3 kHz
is used to pre-filter the voltage and current inputs [24]. The
operation times of the distance relay A [23] and the distance
relay B [24] are also presented as per their data sheet.

For a line-ground fault, the phaselet method performs better
than other methods. The tripping times for close-in faults are
similar (because the minimum window size chosen is 40% for
the trip decision). For remote end fault such as those at 80%
of the maximum reach setting, the proposed relay can operate
in 0.74 cycles. For three-phase faults, the operating speed will
be faster, while for line-line faults, the operating speed will be
slower, but still within 0.85 cycles. This is also faster than a
FCDFT-based FPGA relay [25], [26] and its operation time for
faults happening at 50% of the reach setting is 1.4 cycles, 1.3
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Fig. 10. The operation times of different distance relays.

cycles and 1.3 cycles for line-ground, line-line and three-phase
faults respectively.

Figure 11 shows the waveforms of the current and voltage
for a line-ground fault happening at 50% of the maximum
reach setting with SIR equals to 1 and the fault inception
angle equals to 60◦. The associated changes of the distur-
bance signal, window size, and trip signal are also presented.
The disturbance detector can pick up the current change after
0.1 cycles upon fault inception. The filtering window is imme-
diately changed to phaselet size and begins to increase until
one full cycle. At 0.45 cycles after the disturbance is picked
up, the apparent impedance enters into the adaptive Mho cir-
cle (70.1% of the transmission line) and a trip delay routine
is started. After evaluating two more phaselets, which equals
a 0.1 cycle delay, a trip decision is finally made. In total, the
proposed relay can achieve a speed of 0.65 cycles for this case.

The corresponding impedance trajectories is shown in
Figure 12. The trajectory enters into the adaptive Mho cir-
cle for the first time at 0.3 cycles. The adaptive Mho setting
is 0 at this moment since the filtering window is 0.2 cycle,
which is less than the threshold of 0.4 cycle. At 0.55 cycle,
the Mho setting is increased to 70.1%. The trip delay routine
is activated for the security of the trip decision and two more
phaselets are delayed. Because after the delay the estimated

Fig. 11. Real time fault transients (double line, SIR=1, A-G fault loca-
tion=50% of maximum reach setting, fault inception angle=60◦).

Fig. 12. Impedance trajectory for the line-ground fault.

impedance still stays inside the adaptive Mho circle, a trip
signal is eventually confirmed at 0.65 cycles.

The communication latency (two-way) is about 5.23 ms
on average, as shown in Figure 13. The response time
performance matches the standard criteria (specified in IEC
61850-5, Type 1A, Class P2/3 messages, 3 ms for one way).

B. Relay Reliability

The security of the proposed relay is tested for faults hap-
pening at the remote terminal bus of the line with a SIR equals
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Fig. 13. IEC 61850 communication latency.

TABLE IV
INCORRECT TRIPPING PROBABILITY WITH SIR=10

to 10 (line length is changed to 60 km). With a higher SIR,
a longer trip delay is required. A 0.25 cycle delay is used
for comparing the proposed method and FCDFT according
to Table III. The mutual coupling between the parallel lines
makes the apparent impedance larger [27] than the actual fault
impedance so the relay security is not going to be compro-
mised due to mutual coupling, as shown in the last column of
Table IV.

When one of the lines between Bus 7 and Bus 8 is
removed, relay over-reach may happen. The left three columns
in Table IV give the probability of an incorrect trip when tested
with 100 random fault inception angle values with single trans-
mission line setup. FCDFT gives the best results due to the
longer one cycle window. Phaselet has good security for three-
phase faults, but has a 2% possibility to incorrectly trip for line
to ground fault and 1% possibility for line to line fault. A key
finding here was that when the phase angle errors are not con-
sidered, the incorrect trip probability is 8% for line to ground
and line to line faults. The results clearly show that the phase
angle errors are an important consideration to improve the trip
reliability with the phaselet method.

Figure 14 gives the magnitude and phase angle errors for
different SIRs with different line-ground fault locations. With
SIR equal to 1, the magnitude and angle errors for FCDFT
decrease as the fault location moves farther away. This is
because the impedance trajectory for a FCDFT enters into the
Mho characteristic from above. For close-in faults, even with
an additional 0.1 cycle trip delay, there is going to be a sig-
nificant difference between the estimated value and the actual
value of impedance so the errors are large. As the fault loca-
tion moves away from the relay location, this gap becomes
smaller and will result in a smaller magnitude error. For a
fault at 80% of zone 1 boundary, the magnitude error can be
as small as 3.6%. For phaselet, the magnitude error will be
around 10%, which agrees well with the theoretical calculation
given in Table I. This value is lower than FCDFT for close-
in faults since no pre-fault values are included. However, the
angle error is higher than for FCDFT.

Fig. 14. Magnitude and angle error.

Fig. 15. Test case for line infeed (SIR=1, A-G fault inception angle=60◦).

With SIR equal to 10, a longer trip delay is needed (0.25
cycles) for relay security according to Table III. With a high
SIR value, FCDFT gives better magnitude accuracy (<10%
magnitude error). With the proposed phaselet method, the
magnitude errors will be higher, but still lower than 15%
level. The angle error increases and is between 10◦-40◦, which
is higher than the theoretical values from Table I. This is
because the errors of the relay inputs are assumed to be uncor-
related and to have a constant variance. However, in real power
systems, the errors are correlated and the variance varies and
therefore gives rise to larger angle errors. An appropriate trip
delay is used to ensure a secure trip.

C. Effect of Line Infeed

Distance protection with line current infeed requires careful
consideration. The test scenario used for the study is shown in
Figure 15. The infeed current IB has the same magnitude as IA.
The impedance seen by the proposed relay at Bus 7 is given
by: 0.5 · ZL + IF/IA · 0.17 · ZL. The measured result from the
test is 0.85 · ZL and the relay would fail to see the fault. One
way to address this issue, is sending the voltage and current
magnitude/angle from each relay location to each of the other
relays. The three-terminal line arrangement is reduced to a
two-terminal equivalent and the corrected impedance value is
then calculated. For this test case, the corrected impedance
value is 0.72 · ZL and the fault could be successfully detected.
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Fig. 16. Effect of CT saturation (double line, SIR=1, A-G fault location=30%
of maximum reach setting, fault inception angle=30◦).

D. Effect of CT Saturation

The CT ratio is 600 : 5. A line-ground fault is introduced
at 30% of the maximum reach setting, where CT saturation
has a noticeable effect compared to remote faults. Figure 16(a)
shows that CT saturation barely introduces any signal distor-
tion within the first one and quarter cycles after fault inception.
In Figure 16(b), the two impedance trajectories overlap dur-
ing this time. This is also the period when the proposed relay
makes its decision. Therefore, we can see that they both initi-
ate a trip signal at 0.64 cycles. After this period, the trajectory
will stay at the final steady state if CT saturation is not present;
otherwise, it will swing to a larger impedance and then settle
back to the same final steady state. This oscillatory behavior
is due to the transient distortion introduced in the following
cycles, as shown by the solid line in Figure 16(a). In summary,
CT saturation does not occur instantly. The sub-cycle relay
operation takes place even before severe CT saturation occurs.
(Reference [28] also reports a similar finding for high-speed
relays.)

E. Effect of CCVT Transient Errors

Effect of CCVT transient response is described in [22].
A system with an SIR = 10 is selected and a line-ground fault
is applied at the remote terminal bus. The fault inception angle
is 60◦. The secondary voltage and its corresponding estimated
phasor magnitude are depicted in Figure 17. The dashed line
represents the output of an ideal CCVT, while the solid line
represents the output of the modeling CCVT. The disturbance
detector detects the transient current change in 0.02 cycles,

Fig. 17. Secondary voltage and the estimated phasor magnitude (single line,
SIR=10, A-G fault location=remote terminal bus, fault inception angle=60◦).

Fig. 18. Impedance trajectory with ideal CCVT and transient error.

and then the filtering window is immediately changed to P.
The figure also shows that CCVT transient errors result in
a smaller voltage phasor, which further leads to a smaller
apparent impedance.

Figure 18 shows the corresponding impedance trajectories.
When the CCVT transient error is not present, the impedance
trajectory enters into the reach setting at 0.52 cycles but
immediately swings out. With the CCVT transient error, the
apparent impedance swings into the 70.1% Mho circle at 0.47
cycles. The subsequent three estimates also fall within the
Mho circle and potentially can cause a false trip with a trip
delay of 0.1 cycle. Since SIR equals 10 for this case, a longer
0.25 cycles trip delay is used to prevent false trip under these
conditions.

F. Effect of Shunt Capacitor Energization

When a capacitor bank is energized or de-energized, the
initial current and voltage transients produced are quite far
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Fig. 19. System transients (phase A) during a shunt capacitor energization
(single line, SIR=1, capacitor size: 102 MVar).

from the relay characteristics and would not cause relay mal-
operation. Figure. 19(a) shows the capacitor current at the
moment that a capacitor bank is connected to Bus 7. A high-
frequency, high-magnitude current flows into the capacitor to
attempt to maintain the system voltage. The CT secondary cur-
rent is contaminated by a high frequency transient as shown
in Figure 19(b). Figure 19(c,d) shows the transient overvolt-
ages. The disturbance detector pickups the disturbance but
the transient impedance never enters the Mho characteristics
and therefore the relay would not operate incorrectly for this
scenario.

V. CONCLUSION

The phaselet-based distance relaying is improved by tak-
ing into account both magnitude and phase angle errors of
the voltage and current phasors. A transient monitoring index
is also used to check the phasor estimation error and corre-
spondingly adjust the adaptive reach setting. The scheme is
implemented on a FPGA board, which achieves speeds simi-
lar to solid-state relays (the processing time for each sampled
packet is 4.04 μs). The proposed sub-cycle method was tested
using hardware-in-the-loop simulations using an RTDS sim-
ulator and digital substation communication protocols (IEC
61850 SV and GOOSE) to achieve performance comparisons
with current sub-cycle methods in the literature. The exper-
imental test shows that the proposed FPGA relay can make
secure trip decision in 0.6∼0.8 cycles. Even with large CCVT
transient errors (SIR equals to 10) and the fault at the remote
bus of the line, the proposed relay could make a secure no
trip decision.

APPENDIX A
MAGNITUDE-PHASE ANGLE ERRORS ANALYSIS

If we assume error ε for the input has a covariance matrix:

E
(
εεT) = σ 2

ε I, (A.1)

TABLE B1
TRANSMISSION LINE PARAMETERS

then according to [29], the covariance matrix of X̂(n) is:

Var
(

X̂(n)
)
=σ 2

ε C−1(n)

=σ 2
ε

[
a11(n) a12(n)

a12(n) a22(n)

]
, (A.2)

Rewriting Equation 3 in the polar form (X̂ = rejθ ), then the
PDF of the phasor magnitude r [16], [17]:

f (r) = 2r

R
e

−(r2+r̄2)
R I0

(
2r̄r

R

)
, (A.3)

where r̄ is the expectation of r; R is different for each n and
R = σ 2

ε [a11(n) + a22(n)]; and I0 is the Bessel function. The
variance of r is given by:

σ 2
r = R + r̄2 − πR

4
L2

1/2

(
− r̄2

R

)
, (A.4)

where L1/2 denotes a Laguerre polynomial function. The PDF
of the phase angle θ of phasor is given by:

f (θ)=
e−g

{
1 + √

πξeξ2
[1 + erf (ξ)]

}

4πσcσs

√
1 − ρ2

× 1

h + ucos2θ + vsin2θ
, (A.5)

where erf (·) is the error function. The other variables are:

σc = √
a11, σs = √

a22, ρ = a12/(σcσs), (A.6)

h = a11 + a22

4a11a22
(
1 − ρ2

) , u = a22 − a11

4a11a22
(
1 − ρ2

) , (A.7)

v = −ρ

2σcσs
(
1 − ρ2

) , (A.8)

s = X̄cσs − ρX̄sσc

a11σs
(
1 − ρ2

) , t = X̄sσc − ρX̄cσs

a22σc
(
1 − ρ2

) , (A.9)

g = X̄2
c a22 + X̄2

s a11 − 2ρX̄cX̄sσcσs

2a11a22
(
1 − ρ2

) , (A.10)

ξ = scosθ + tsinθ

2
√

h + ucos2θ + vsin2θ
. (A.11)

The postfix (n) in a11(n), a12(n), and a22(n) in
Equation (A.6)–(A.11) are not shown but implied for clarity
purposes. It is hard to get a closed form solution for equation
of σ 2

θ (n) or σθ (n). Instead a numerical solution of σθ (n) is
obtained and is given in the third row of Table I.
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TABLE B2
CT PARAMETERS

TABLE B3
CCVT PARAMETERS

Fig. B1. CCVT model [22].

APPENDIX B
TEST SYSTEM PARAMETERS

See Tables B1, B2, and B3, and Fig. B1.
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